In a fermionic quantum vacuum, the parameters k µ of a CPT-violating Chern-Simons-like action term induced by CPT-violating parameters b µ of the fermionic sector depend on the universality class of the system. For purely spacelike parameters b µ = (0, b) of a modified Dirac Hamiltonian, the result for the emergent "vector" k µ = (0, k) depends on the value of |b| with respect to the rest energy M of the original fermion. The fermion spectrum is fully gapped for |b| < M , whereas there are topologically-protected Fermi points (gap nodes) for |b| > M . For a fixed direction of b, the point |b| = M marks a quantum phase transition between the two universality classes. The emergent Chern-Simons "vector" k µ = (0, k) consists of two parts. The regular part, k reg , is an analytic function of |b| across the quantum phase transition and may be nonzero due to explicit CPT violation at the fundamental level. The singular (or anomalous) part, k sing , for |b| > M , comes solely from the Fermi points and is proportional to their splitting. For elementary particle physics * Email address: frans.klinkhamer@physik.uni-karlsruhe.de † Email address: volovik@boojum.hut.fi 1 as an emergent phenomenon, the splitting of Fermi points may lead to neutrino oscillations, even if the total electromagnetic Chern-Simons-like term cancels out. In the context of condensed matter physics, the quantum phase transition may occur in the region of the BCS-BEC crossover for Cooper pairing in the p-wave channel.
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I. INTRODUCTION
In the present article, we take the point of view that the physics of the electroweak Standard Model [1] is an emergent phenomenon of a fermionic quantum vacuum, with the known elementary particles corresponding to the quasiparticles of the system. As a matter of fact, we intend to pursue the emergence hypothesis further and look for possible deviations from pure Standard Model physics. We look, in particular, for a new mechanism of CPT violation. Such a mechanism of (spontaneous) CPT violation may, of course, be directly relevant to condensed matter physics itself.
The momentum-space topology of the fermionic spectrum determines the universality classes of all known quantum vacua in which momentum is a well determined quantity (i.e., which have translation invariance); cf. Chaps. 7 and 8 of Ref. [2] . But the vacuum of the Standard Model above the electroweak transition (relevant to large scattering energies or high temperatures) is marginal and, strictly speaking, belongs to all three universality classes. The Standard Model vacuum above the electroweak transition has, in fact, a multiply degenerate Fermi point p = 0 and the total topological charge of this point is zero.
The implication is that this vacuum is not protected by momentum-space topology, which, in principle, allows for decay into other (topologically-stable) vacua.
The Standard Model vacuum above the electroweak transition is only protected by symmetries, namely the continuous electroweak symmetry, the discrete symmetry discussed in Sec. 12.3 of Ref. [2] , and the CPT symmetry. Explicit violation or spontaneous breaking of these symmetries (in particular, CPT) leads to three possible scenarios, corresponding to the three universality classes of fermionic vacua:
(i) Annihilation of Fermi points-Fermi points with opposite topological charge merge and disappear. [Fermi points (gap nodes) p a are points in three-dimensional momentum space for which the energy spectrum E(p) of fermionic quasiparticles is zero, i.e., E(p a ) = 0.]
The annihilation of Fermi points allows the fermions to become massive, as happens with the quarks and charged leptons of the Standard Model below the electroweak transition.
(ii) Splitting of Fermi points-Fermi points split and separate along a spatial direction in four-dimensional energy-momentum space. The topological charges of the new isolated Fermi points are nonzero and the corresponding vacua are topologically protected. For Standard Model physics, the splitting of Fermi points gives rise to a CPT-violating Abelian Chern-Simons-like term [3, 4] 
with gauge field A µ (x) and a purely spacelike "vector" k µ = (0, k). As will be explained later, the Fermi-point origin of such a Chern-Simons-like term is, in a way, complementary to the mechanism of the CPT anomaly [5] [6] [7] [8] in relativistic quantum field theory. For condensed matter physics, the prime example is superfluid 3 He-A; cf. Refs. [9, 10] . Here, the splitting is extremely large, with Fermi points separated by a "Planck scale" momentum. But the splitting can, in principle, be controlled by a tunable interaction in the p-wave Cooper channel.
(iii) Formation of Fermi surfaces-Fermi points split along the energy axis in fourdimensional energy-momentum space and give rise to a Fermi surface in three-dimensional momentum space. [Fermi surfaces S a are two-dimensional surfaces in three-dimensional momentum space on which the energy spectrum E(p) is zero, i.e., E(p) = 0 for all p ∈ S a .]
For Standard Model physics, this scenario would lead to a Chern-Simons-like term (1.1) with a purely timelike "vector" k µ = (k 0 , 0). For condensed matter physics, this scenario need not be prohibited by the helical instability of the vacuum, since the total k 0 obtained by summation over all Fermi surfaces can be zero due to the remaining symmetries of the fermions [11] .
The choice between these three scenarios depends on which symmetry-violating mechanism is stronger. The important point is that there are only three possibilities corresponding to the three universality classes of fermionic vacua: (i) vacua with fully-gapped fermionic excitations; (ii) vacua with fermionic excitations characterized by Fermi points (close to the Fermi points these excitations behave as chiral Weyl fermions); (iii) vacua with fermionic excitations characterized by a Fermi surface.
Experimentally, the quantum phase transition between vacua of different universality classes can perhaps be investigated with laser-manipulated fermionic gases. The idea is to probe the crossover between the weak-coupling state described by Bardeen-CooperSchrieffer (BCS) theory and the strong-coupling limit described by Bose-Einstein condensation (BEC) of atomic pairs. If the pairing occurs in the p-wave state, the BCS-BEC crossover may be accompanied by a quantum phase transition between the vacuum with Fermi points and the fully-gapped vacuum. Starting from the BEC phase, a marginal Fermi point is formed at the quantum phase transition, which splits into topologically-stable Fermi points as the interaction strength is reduced further (BCS phase). For a general system, relativistic or nonrelativistic, the stability of the a-th Fermi point is guaranteed by the topological invariant N a , which can be written as an integral over energy-momentum space. In terms of the fermionic propagator G(ip 0 , p), the topological invariant is [2]
where Σ a is an appropriate three-dimensional surface around the Fermi point p µa = (0, p a ) in four-dimensional energy-momentum space and tr stands for the trace over the spin indices.
In our case, we have two Weyl fermions, a = 1 for the right-handed fermion and a = 2 for the left-handed one. The corresponding Green's functions are given by
The Fermi points coincide, p 1 = p 2 = 0, but their topological charges are different, N 1 = +1
and N 2 = −1. For this simple case, the topological charge equals the chirality of the fermions,
The splitting of coinciding Fermi points can be described by the Hamiltonians
The real vector b is assumed to be odd under CPT, which introduces CPT violation into these Hamiltonians. The 4 × 4 matrix of the total Green's function has the form 
This is the typical starting point for investigations of the effects of CPT violation in the fermionic sector (see, e.g., Refs. [12, 13] and references therein). The energy spectrum of the Fermi points with vanishing energy (2.5) are given by The momentum-space topology of this marginal Fermi point is trivial (topological invariant N 0 = +1 − 1 = 0).
III. EMERGENT CHERN-SIMONS-LIKE TERM
Let us now consider how the splitting of Fermi points in the fermionic sector induces an anomalous action term in the gauge-field sector. Start from the spectrum of a single electrically charged Dirac fermion (charge q) and again set c =h = 1. In the presence of the vector potential A of a U(1) gauge field, the minimally-coupled Hamiltonian is then
The positions of the Fermi points for b ≡ |b| > M are shifted due to the gauge field,
with a plus sign for a = 1 and a minus sign for a = 2. This result follows immediately from Eq. (2.6) by the minimal substitution p a → p a − qA, consistent with the gauge principle.
At this moment, we can simply use the general expression for the Wess-Zumino-NovikovWitten (WZNW) action induced by Fermi points, which holds for any system. The WZNW action is represented by the following sum over Fermi points (see, e.g., Eq. (6a) in Ref. [14] ):
where τ ∈ [0, 1] is an additional coordinate which parametrizes a disc, with the usual spacetime at its boundary τ = 1. In relativistic quantum field theory and for different charges q a at the different Fermi points, the dependence on A of this expression comes from the shifts of the Fermi points, p a = p
Here, a parametrization is used in which the charges q a (τ ) are zero at the center of the disc, q a (0) = 0, and equal to the physical charges at the boundary, q a (1) = q a . From Eq. (3.3), one obtains the general form for the Abelian Chern-Simons-like term
Note that only gauge invariance has been assumed in this derivation. The result (3.4) has the "relativistic" form (1.1) with a purely spacelike "vector"
Returning to the case of a single Dirac fermion with charge q and using Eqs. (3.5) and (2.6), one finds that the CPT-violating Chern-Simons parameter k can be expressed in terms of the CPT-violating parameter b of the fermionic sector,
This contribution to k comes from the splitting of a Fermi point and requires b > M, as indicated by the step function on the right-hand side [ θ(x) = 0 for x ≤ 0 and θ(x) = 1 for
In the context of relativistic quantum field theory, the existence of such a singular contribution to k has also been found by Perez-Victoria [15] using dimensional regularization, but with a prefactor larger by a factor 3. We are reasonably confident in our result Eq. (3.6), since it is regularization independent and depends only on the topological properties of the Fermi points. Moreover, it applies to both relativistic and nonrelativistic systems.
The induced Chern-Simons vector (3.6) from explicit CPT violation in the Dirac Hamiltonian (3.1) differs from the anomalous result in chiral gauge theory over topologically nontrivial spacetime manifolds [5, 7] . Most importantly, the result (3.6) holds for a vectorlike gauge theory (with a Dirac fermion), whereas the CPT anomaly appears exclusively in chiral gauge theories (with Weyl fermions). There are, however, also similarities. 
IV. WZNW ACTION FOR SUPERFLUID 3 HE-A
The Bogoliubov-Nambu Hamiltonian which qualitatively describes fermionic quasiparticles in 3 He-A is given by
with the mass m 3 of the 3 He atom, the orthonormal triad (ê 1 ,ê 2 ,l =ê 1 ×ê 2 ), and the maximum transverse speed c ⊥ of the quasiparticles. The unit vectorl corresponds to the direction of the orbital momentum of the Cooper pairs. The energy spectrum of these Bogoliubov-Nambu fermions is 
3)
2 . This term governs the orbital dynamics of 3 He-A, that is, the dynamics of the orbital vectorl.
The effective gauge field, which emerges for "relativistic" fermions in the vicinity of the "relativistic" form (1.1) with the spacelike "vector"
In 3 He-A, there is also a regular part [10] of the Wess-Zumino-Novikov-Witten action, 
V. FERMI POINTS FOR P -WAVE SUPERCONDUCTORS AND STANDARD

MODEL
The vector k in the Abelian Chern-Simons-like term induced by all Fermi points is given by Eq. (3.5). Considering massless fermions with charges q a and taking into account that the topological charge N a for Weyl fermions coincides with their chirality C a = ±1 (see Sec.
II), one obtains
where the positive integer a labels the Fermi points p a . For 3 He-A, one has a p a q 2 a C a = 2p Fl0 , which explains why the induced vector k is nonzero. But for other vacua, the induced vector k can be zero after summation. An example of this cancellation is provided by the so-called α phase of spin-triplet pairing in superconductors [9] . This phase contains eight Fermi points p a (a = 1, . . . , 8), with four right-handed and four left-handed Fermi points situated at the vertices of a cube in momentum space [16] . In terms of the Cartesian unit vectors (x,ŷ,ẑ), the four Fermi points of the right-handed fermions (C a = +1) are given by
while the left-handed fermions (C a = −1) have opposite shifts. The vector k from all Fermi points vanishes, since q 2 a = 1 for the fermion charges q a = ±1 and p 1 + p 2 + p 3 + p 4 = 0 for the tetrahedron (5.2). The regular part of k also vanishes because of the discrete cubic symmetry of the superconducting vacuum.
To the best of our knowledge, the α-phase in superconductors has not yet been established experimentally. The example is, however, useful in that it demonstrates that the total topological charge of the Fermi points is zero for condensed matter physics, a N a = 0. Given the hypercharges Y a of the Standard Model (5.3), the following pattern of Fermi points may be assumed:
where, for the moment, the family index f is set equal to 1. The overall structure of Eq. For neutrinos, it is, in principle, possible that the splitting mechanism is stronger than the mechanism leading to mass formation (cf. Sec. 12.3.4 of Ref. [2] ) and that splitting occurs instead of mass generation. Or one has both, but with |b| > M, so that the Fermi points survive. As a concrete example, take the pattern (5.4) for all three fermion families, f = 1, 2, 3, but now with vectors p (f ) of different lengths, a ], which are different from the three interaction states. This mechanism for neutrino oscillations differs fundamentally from recent models based on CPT-violating neutrino masses (see, e.g., Ref. [17] and references therein).
VI. TIMELIKE PARAMETERS AND FERMI SURFACES
The Hamiltonian for a massive Dirac particle with an additional real CPT-violating
The discrete symmetries of this Hamiltonian have been studied in, for example, Ref [13] .
For zero b, the energy eigenvalues are given by
Topologically, this energy spectrum is similar to the one of Bogoliubov-Nambu fermions in s-wave superconductors where the role of energy M is played by the gap ∆. The spectrum 
3) 
For 3 He-A, this term is responsible for the observed helical instability of the "vacuum" in the presence of the superflow [2, 9] . In general, it is known that a Chern-Simons-like term with timelike vector k µ , combined with the Maxwell term, leads to vacuum instability; cf.
Refs. [3, 4] . (Note that the argument of Ref. [18] against a (timelike) induced Chern-Simonslike term from a fundamental CPT-violating quantum field theory is simply not applicable to the effective theory of the 3 He-A liquid, since its "vacuum" can be unstable.)
The Hamiltonian (6. and q a by Y a or I 3a . As explained in the previous section, one example of such a pattern is 
VII. FINITE-SIZE EFFECTS AND DEFECTS
In the context of relativistic quantum field theory, an anomalous Chern-Simons-like term has been found to originate from nontrivial space topology [5] [6] [7] [8] . Moreover, the general regularization-independent expression (3.5) for k sing depends only on the topological properties of the Fermi points and is applicable to any system which contains one or more pairs of Fermi points, even if the system does not obey relativistic invariance. The derivation of our expression used only gauge invariance. This is one of many examples where topological effects do not require the mathematics of relativistic invariance.
Indeed, the result is applicable to nonrelativistic 3 He-A as well.
The example of 3 He-A demonstrates that there may also be a regular part, k reg , which does not depend on the existence of Fermi points. This part comes from the angular momentum of the liquid (corresponding to spontaneously broken time-reversal symmetry) and is the same with or without Fermi points. In contrast, the singular part, k sing , comes from anomalies generated by the Fermi points. The total spacelike Chern-Simons-like term, with vector k ∝ p F l, is responsible for the orbital dynamics (i.e., the dynamics of the unit vector l directed along the orbital angular momentum of the Cooper pairs). vortices. On the other side of the quantum phase transition, there would be no Fermi points and no related anomalies, so that the contribution k sing would be absent.
This region of anomaly-free vacuum, as well as the quantum phase transition between the vacuum with Fermi points and the fully-gapped vacuum, can perhaps be probed using laser-manipulated Fermi gases. Recently, the condensation of pairs of fermionic 40 K atoms has been reported [21] in the crossover regime (the so-called the BCS-BEC crossover). In this experiment, a magnetic-field Feshbach resonance was used to control the interactions in the Cooper channel. But the system considered has s-wave pairing (spin singlet pairing) and there is a fully-gapped vacuum on both sides of the crossover and no quantum phase transition.
For the case of pairing interactions in the p-wave channel (spin triplet pairing), the modulus b of the parameter b in the Hamiltonian (2.4) can be taken to be proportional to the inverse strength of the atom-atom interactions in the p-wave channel and its direction b ≡ẑ to be along the unit vectorl of the orbital angular momentum of the Cooper pairs.
We may, then, expect the BCS-BEC crossover to be accompanied by the quantum phase transition of Fig. 1 , with a change in the momentum-space topology of the vacuum and the universality class.
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